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Computing quantum Bell inequalities
Le Phuc Thinh1, ∗
1Centre for Quantum Technologies, National University of Singapore
Understanding the limits of quantum theory in terms of uncertainty and correlation has always
been a topic of foundational interest. Surprisingly this pursuit can also bear interesting applications
such as device-independent quantum cryptography and tomography or self-testing. Building upon a
series of recent works on the geometry of quantum correlations, we are interested in the problem of
computing quantum Bell inequalities or the boundary between quantum and post-quantum world.
Better knowledge of this boundary will lead to more efficient device-independent quantum process-
ing protocols. We show that computing quantum Bell inequalities is an instance of a quantifier
elimination problem, and apply these techniques to the bipartite scenario in which each party can
have three measurement settings. Due to heavy computational complexity, we are able to obtain
the characterization of certain “linear” relaxation of the quantum set for this scenario. The result-
ing quantum Bell inequalities are shown to be equivalent to the Tsirelson-Landau-Masanes arcsin
inequality, which is the only type of quantum Bell inequality found since 1987.
PACS numbers: 03.65.Aa, 03.65.Ud, 03.65.Wj
I. INTRODUCTION
One of the most striking feature of quantum theory is
the phenomenon of Bell nonlocality: the theory allows
certain special correlations between distant observers
that cannot be explained by any local hidden variable
model [1–3]. Such correlations form the basis of crypto-
graphic security, as well as many modern applications of
quantum phenomena.
The set of correlations admitting local hidden vari-
able description has been shown to be a convex polytope
whose extreme points can be efficiently enumerated for
any Bell scenario [4]. This has important consequence for
experiment: it is a linear programming feasibility prob-
lem to test if a behavior is local or nonlocal. However, it
is an entirely different problem to ask for all the Bell in-
equalities, i.e. facets of the local polytope, which remains
a very difficult open problem in quantum information [5].
The main difficulty is related to the computational com-
plexity of this task, and perhaps to our lack of knowledge
about an underlying principles relating the various Bell
inequalities.
What is the analogous story for quantum correlations?
In the simplest Bell scenario, Tsirelson, independently
Landau and Masanes, derived the nonlinear “quantum
Bell inequality”
arcsin(E11)+arcsin(E12)+arcsin(E21)−arcsin(E22) ≤ pi
that must be obeyed by any quantum correlation [6–8].
Later, Navascues et al. proposed a convergence hierar-
chy of semidefinite programs for testing quantum behav-
iors [9]. This is clearly an analogue of the linear pro-
gramming feasibility problem for membership within the
local polytope, although the hierarchy quickly grows in
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size making the method impractical. The problem of
computing all the quantum Bell inequalities for a given
scenario can quickly be recognized, but one immediately
run into serious technical issues.
With experimental progress, perhaps one day we could
attempt testing the limit of quantum theory, particu-
larly the limit of quantum correlations. Thus, knowledge
about the boundary between quantum and post-quantum
correlations is likely to assist designing new experiments
near the boundary. This requires a better understand-
ing of the quantum set of correlation, particularly its
boundary structure [10]. Additionally, knowledge of the
quantum set can be useful in designing new tomographic
methods similar to self-testing [11] and gate set tomogra-
phy [12], as well as optimal device-independent protocols
for information processing.
Progress in deriving quantum Bell inequalities is very
rare. If one is only concern with necessary conditions,
i.e. bounding the quantum set, then a flexible method
based on the principle of macroscopic locality can be em-
ployed [13]. However, if one cares about both necessary
and sufficient conditions, i.e. quantum Bell inequalities
corresponding to maximal faces, then the only significant
progress known to date is made by Tsirelson for the cor-
relation scenario [6].
In this work we attempt to understand better the pro-
cess of deriving or computing quantum Bell inequalities.
In particular, we are interested in deriving a new type of
quantum Bell inequality. We make the observation that
whenever the NPA hierarchy collapse to a finite level, as
is the case for correlation scenarios, computing quantum
Bell inequalities can be thought of as a quantifier elim-
ination problem. We give several characterizations of
Cor(3, 3), the quantum set of bipartite correlation with
three measurement choices per party. We found that
generic quantifier elimination algorithms are unable to
handle this scenario. Fortunately, we can perform quan-
tifier elimination for a “linear” relaxation of Cor(3, 3),
and found several apparent new quantum Bell inequal-
2ities, which turns out to be implied by the system of
Tsirelson’s inequalities. Lastly, we sketch several con-
nections between Cor(n,m) with the metric and the cut
polytopes, which are useful in understanding quantum
correlation sets in general.
II. QUANTUM CORRELATIONS
Quantum correlations arises from experiments of the
following type: there are two space-like separated parties,
called Alice and Bob, perform independently and simul-
taneously local dichotomic measurements on their cor-
responding subsystems of a joint quantum system, and
record the resulting outcomes. The event that the Alice
performed measurement x and got outcome a, and Bob
performed measurement y and got outcome b is denoted
by (a, b|x, y). By repetition, they can estimate a family
of probabilities p(a, b|x, y), known as the full behavior,
for all possible events. The full behavior characterizes
the probabilistic response of the quantum system under
chosen measurements and can be thought of as a shadow
of the quantum state.
A full behavior p(a, b|x, y) coming from quantum the-
ory must be a result of measuring a quantum state with
some choices of quantum measurement. That is there ex-
ists state ρ, and local measurement POVMs {Mxa } and
{Myb } such that
p(a, b|x, y) = tr(ρMxa ⊗M
y
b ) .
Quantum behaviors are resources that cannot be used for
superluminal communication because no-signalling holds∑
b
p(a, b|x, y) =
∑
b
p(a, b|x, y′) =: pA(a|x) ,
∑
a
p(a, b|x, y) =
∑
a
p(a, b|x′, y) =: pB(b|y) .
(1)
Dichotomic measurement means that the measurement
has two possible outcomes, which we will denote by +1
and −1. This allows the use of correlators to describe
equivalently a behavior: p(a, b|x, y)↔ (cx, cy, cxy) where
cx =
∑
a∈{±1}
a pA(a|x) cy =
∑
b∈{±1}
b pB(b|y),
cxy =
∑
a,b∈{±1}
ab p(a, b|x, y).
Under this parametrization, a full correlator (cx, cy, cxy)
is quantum if
cx = tr(ρ(Ax ⊗ I)) ,
cy = tr(ρ(I ⊗By)) ,
cxy = tr(ρ(Ax ⊗By)) ,
(2)
for some choice of ±1 observables Ax, By (via Naimark
dilation).
The set of full behaviors or full correlators is denoted
Beh(n,m), whereas the projection of this set along joint
correlation coordinates cxy is denoted as Cor(n,m). The
lack of local marginals turns out to have deep conse-
quences. Even for the simplest scenario Beh(2, 2) can
only be approximated using the NPA hiearchy, whereas
Cor(n,m) admits exact description for arbitrary n,m. In
other words, it is not known that the NPA hiearchy for
Beh(2, 2) collapse to any finite level.
Important notation: The set of quantum correlators
can also be described by a nonlinear coordinate system:
the pairwise-angle coordinates. The coordinate transfor-
mation is defined as c 7→ cˆ := arccos(c) ∈ [0, pi] indi-
vidually for each pair of setting (x, y). Thus, a point of
Cor(n,m) can be equivalently specified as (cˆxy) in the
pairwise-angle parametrization and corresponds to the
point (cos cˆxy) in the usual linear coordinates. We use
this notation throughout the paper.
III. EXACT CHARACTERIZATIONS OF Cor(3, 3)
Exact analytic description of Cor(2,m) has been ob-
tained in a previous work [14]: (cxy) ∈ Cor(2,m) if and
only if it satisfies the following system
0 ≤ cˆxy ≤ pi,
0 ≤ cˆ1j + cˆ2i + cˆ2j − cˆ1i ≤ 2pi,
0 ≤ cˆ1i + cˆ2i + cˆ2j − cˆ1j ≤ 2pi,
0 ≤ cˆ1i + cˆ1j + cˆ2j − cˆ2i ≤ 2pi,
0 ≤ cˆ1i + cˆ1j + cˆ2i − cˆ2j ≤ 2pi,
for all x ∈ [2], y ∈ [m] and 3 ≤ i < j ≤ m+2. The trivial
inequalities 0 ≤ cˆxy ≤ pi or equivalently −1 ≤ cxy ≤ 1 are
called the box inequalities. The resulting inequalities are
new in the sense that Cor(2, n) has never been charac-
terized, but only of the Tsirelson-Landau-Masanes type.
Therefore the next scenario which we could hope to find
new quantum Bell inequalities and moreover new type
of inequalities is the (3, 3) scenario where Alice and Bob
each has three dichotomic measurements. In this section,
we study various characterizations of the set of quantum
correlation for this scenario.
We start with Tsirelson’s characterization of Cor(3, 3):
(cxy) ∈ Cor(3, 3) if and only if there exists six unit vec-
tors ux, vy ∈ R
6 such that 〈ux, vy〉 = cxy. This char-
acterization of the set of all possible quantum correla-
tions looks deceptively simple, but is in fact a remark-
able consequence of correlation scenarios being describ-
able by a Clifford algebra. The geometric interpreta-
tion of Tsirelson’s result gives rise to the pairwise-angle
parametrization which we mentioned in Section II.
Tsirelson’s characterization, however, does not give an
explicit solution to the question of when a given corre-
lation is quantum. For this purpose, we can rephrase
Tsirelson’ result in the following matrix-theoretic form:
(cxy) ∈ Cor(3, 3) if the following partial symmetric ma-
3trix admits a psd completion

1 ? ? c11 c12 c13
? 1 ? c21 c22 c23
? ? 1 c31 c32 c33
c11 c21 c31 1 ? ?
c12 c22 c32 ? 1 ?
c13 c23 c33 ? ? 1

 .
This form is convenient for numerical investigations due
to the fact that semidefinite programming can be solved
efficiently. Further, this form of characterizing quantum
correlations brings new perspectives and tools—matrix
completion, geometry of the elliptope—for thinking and
solving problems involving quantum correlations [15–18].
For example, one can use this form to find optimal quan-
tum violation of Bell correlation inequalities.
The psd completion characterization of Cor(3, 3),
though convenient for numerical works, can in fact be
used for analytic investigations although perhaps limited
to small size problems. Sylvester’s criterion for positive-
semidefiniteness states that a Hermitian matrix is psd if
and only if all principal minors of the matrix are nonneg-
ative [19]. Recall that a principal submatrix is a smaller
matrix obtained from the original matrix by selecting
(equivalently deleting) the same index set of rows and
columns; a principal minor is the determinant of a prin-
cipal submatrix.
By Sylvester’s criterion, (cxy) ∈ Cor(3, 3) if and only
if there exists real numbers α, β, γ, δ, χ, ξ such that all
26 − 1 principal minors of

1 α β c11 c12 c13
? 1 γ c21 c22 c23
? ? 1 c31 c32 c33
c11 c21 c31 1 δ χ
c12 c22 c32 ? 1 ξ
c13 c23 c33 ? ? 1


are non-negative. However, this naive approach leads to
an untractable solution because of the exponential growth
in the number of principal minors. Using the results re-
lated to chordal completion [17], one can simplify the sit-
uation somewhat and obtain a more efficient characteri-
zation by reducing the number of principal minors. This
is our first result:
Lemma 1. (cxy) ∈ Cor(3, 3) if and only if there exists
α, β, γ ∈ [−1, 1] satisfying the system of polynomial in-
equalities for y = 1, 2, 3
1−
3∑
x=1
c2xy − α
2 − β2 − γ2 + 2c1yc2yα+ 2c1yc3yβ
+ 2c2yc3yγ + 2αβγ + c
2
3yα
2 + c22yβ
2 + c21yγ
2
− 2c2yc3yαβ − 2c1yc3yαγ − 2c1yc2yβγ ≥ 0 ,
1− c22y − c
2
3y − γ
2 + 2c2yc3yγ ≥ 0 ,
1− c21y − c
2
3y − β
2 + 2c1yc3yβ ≥ 0 ,
1− c21y − c
2
2y − α
2 + 2c1yc2y ≥ 0 ,
(3)
or equivalently if and only if there exists αˆ, βˆ, γˆ ∈ [0, pi]
satisfying the linear system of inequalities for y = 1, 2, 3
αˆ ≤ βˆ + γˆ, βˆ ≤ αˆ+ γˆ, γˆ ≤ αˆ+ βˆ, αˆ+ γˆ + βˆ ≤ 2pi,
αˆ ≤ cˆ1y + cˆ2y, cˆ1y ≤ cˆ2y + αˆ, cˆ2y ≤ αˆ+ cˆ1y,
αˆ+ cˆ1y + cˆ2y ≤ 2pi,
βˆ ≤ cˆ1y + cˆ3y, cˆ1y ≤ cˆ3y + βˆ, cˆ3y ≤ βˆ + cˆ1y
βˆ + cˆ1y + cˆ3y ≤ 2pi,
γˆ ≤ cˆ2y + cˆ3y, cˆ2y ≤ cˆ3y + γˆ, cˆ3y ≤ γˆ + cˆ2y
γˆ + cˆ2y + cˆ3y ≤ 2pi,
(4)
and the nonlinear system of inequalities for y = 1, 2, 3
( sin cˆ1y sin cˆ2y sin cˆ3y)
2
− (sin cˆ3y(cos αˆ− cos cˆ1y cos cˆ2y))
2
− (sin cˆ2y(cos βˆ − cos cˆ1y cos cˆ3y))
2
− (sin cˆ1y(cos γˆ − cos cˆ2y cos cˆ3y))
2
− 2(cos αˆ− cos cˆ1y cos cˆ2y)(cos βˆ − cos cˆ1y cos cˆ3y)
(cos γˆ − cos cˆ2y cos cˆ3y) ≥ 0 .
(5)
Proof. A necessary condition on the correlations is that
the partial symmetric matrix must be partial positive-
semidefinite. This means that any specified principal
submatrix (consisting of known entries) is psd. This
leads to box inequalities on the correlations (cxy), i.e.
−1 ≤ cxy ≤ 1 for all x, y. If we can find entries α, β, γ
such that
X =


1 α β c11 c12 c13
α 1 γ c21 c22 c23
β γ 1 c31 c32 c33
c11 c21 c31 1 ? ?
c12 c22 c32 ? 1 ?
c13 c23 c33 ? ? 1


is partial positive-semidefinite, then by chordal comple-
tion [17], the missing ? entries can be filled making the
whole matrix psd. (This is because the graph associ-
ated with the matrix completion problem of X is now a
chordal graph, i.e. any circuit with length at least 4 has
a chord, and sufficient conditions for completion to exist
are known.) Hence, (cxy) satisfying the box inequalities
is a member of Cor(3, 3) if and only if there exist α, β, γ
such that X is partial psd.
Now the condition that X is partial psd means for
any specified principal submatrix is psd. It suffices to
consider maximal specified principal submatrices
Xy =


1 α β c1y
α 1 γ c2y
β γ 1 c3y
c1y c2y c3y 1

 for y = 1, 2, 3 .
Viewing Xy as the block matrix(
A By
Cy D
)
4where D = 1 and
A =

1 α βα 1 γ
β γ 1

 , By =

c1yc2y
c3y

 , Cy = B⊺y ,
and applying Schur’s complement for positive-
semidefiniteness [19]:
Xy ≥ 0⇔ A−ByB
⊺
y ≥ 0
we have cxy ∈ Cor(3, 3) iff there exist α, β, γ that for
y = 1, 2, 3,
1 α βα 1 γ
β γ 1

−

 c21y c1yc2y c1yc3yc1yc2y c22y c2yc3y
c1yc3y c2yc3y c
2
3y

 ≥ 0 (6)
Using Sylvester’s criterion for each y result in the first
characterization.
To obtain the second characterization in the pairwise-
angle parametrization, we use the well-known lineariza-
tion of the elliptope of dimension three [17]: for
θ1, θ2, θ3 ∈ [0, pi], the matrix
 1 cos θ1 cos θ2cos θ1 1 cos θ3
cos θ2 cos θ3 1


is positive semidefinite if and only if
θ1 ≤ θ2 + θ3, θ2 ≤ θ3 + θ1, θ3 ≤ θ1 + θ2,
θ1 + θ2 + θ3 ≤ 2pi.
The condition that Xy ≥ 0 for y = 1, 2, 3 is equivalent by
Sylvester’s criterion to the system of linear inequalities in
the angles except for the set of inequalities arising from
the 4-by-4 minors. By Schur’s determinant identity, these
inequalities are
det(Xy) = det



 1 cos αˆ cos βˆcos αˆ 1 cos γˆ
cos βˆ cos γˆ 1

−ByB⊺y

 ≥ 0 ,
now re-expressed in the pairwise-angle. This completes
the characterization of Cor(3, 3) in pairwise-angle coor-
dinates.
The characterization (3) is exact but still implicit due
to the existence of the unknown variables α, β, γ. To
obtain a complete solution, analogous to the description
of Cor(2, n), we have to eliminate the variables α, β, γ
from the system of Proposition 1. Such objectives can
be done in principle using the method of quantifier elim-
ination [20], which is a concept of simplification originat-
ing from mathematical logic, model theory and computer
science, but has since found applications in various fields
of science and engineering. The most familiar example
of quantifier elimination is the high school algebra fact
∃x ∈ R, (a 6= 0 ∧ ax2 + bx+ c = 0)
⇐⇒ (a 6= 0 ∧ b2 − 4ac ≥ 0) .
The right hand side is an equivalent quantifier free for-
mula for the left hand side, which answers the question
“when does a single variable quadratic polynomial equa-
tion has a real root?”
We implemented a program to compute quantum Bell
inequalities for Cor(3, 3) in QEPCAD [21] as well as
REDLOG [22]. Unfortunately, our problem is a “large-
size” problem for generic quantifier elimination algo-
rithms to handle. Moreover, these algorithms, as far
as we understand, do exploit additional symmetry of
Cor(3, 3), nor the elliptope geometry induced by the con-
vex geometry of the psd cone. Consequently, we are un-
able to obtain a definitive characterization, i.e. a quan-
tifier free description, of Cor(3, 3) purely in terms of the
given correlations (cxy).
IV. RELAXATION OF Cor(3, 3) AND QUANTUM
BELL INEQUALITIES
Apart from the inequalities from the 4-by-4 minors, the
system of inequalities (4) are all linear in the pairwise-
angle coordinate. This is an important fact that greatly
simplifies the process of quantifier elimination. There-
fore, if we settle for a bound on the quantum set Cor(3, 3),
a good candidate will be the set defined by those linear
inequalities. We begin with a characterization of the re-
laxed set.
Lemma 2. There exists αˆ, βˆ, γˆ ∈ [0, pi] satisfying the lin-
ear system of inequalities (4) if and only if the correlators
satisfy the linear system for all x, x′, y, y′, y¯ ∈ {1, 2, 3}
|cˆxy − cˆx′y|+ |cˆxy′ + cˆx′y′ − pi| ≤ pi ,
|cˆ1y − cˆ2y|+ |cˆ2y′ − cˆ3y′ |+ |cˆ1y¯ − cˆ3y¯| ≤ 2pi ,
|cˆ1y − cˆ2y|+ |cˆ2y˜′ + cˆ3y˜′ − pi|+ |cˆ1y¯ + cˆ3y¯ − pi| ≤ 2pi ,
|cˆ1y + cˆ2y − pi|+ |cˆ2y′ − cˆ3y′ |+ |cˆ1y¯ + cˆ3y¯ − pi| ≤ 2pi ,
|cˆ1y + cˆ2y − pi|+ |cˆ2y′ + cˆ3y′ − pi|+ |cˆ1y¯ − cˆ3y¯| ≤ 2pi .
Proof. Our strategy is to gather all the inequalities in-
volving αˆ, eliminate this variable by enforcing any lower
bound must be less than or equal to any upper bounds,
then repeat for βˆ and γˆ. For compactness of the proof
we rewrite
|β − γ|
}
≤ α ≤
{
β + γ
2pi − (β + γ)
as a single compound inequality
|β − γ| ≤ α ≤ pi − |β + γ − pi| .
First, the αˆ-system of inequalities is given by
|βˆ − γˆ|
|cˆ1y − cˆ2y|
}
≤ αˆ ≤
{
pi − |βˆ + γˆ − pi|
pi − |cˆ1y′ + cˆ2y′ − pi|
5for y, y′ ∈ {1, 2, 3}, after we have absorb the inequalities
0 ≤ αˆ ≤ pi into existing inequalities (due to |cˆ1y−cˆ2y| ≥ 0
and pi − |cˆ1y′ + cˆ2y′ − pi| ≤ pi). Eliminating αˆ gives
|βˆ − γˆ| ≤ pi − |βˆ + γˆ − pi|
|βˆ − γˆ| ≤ pi − |cˆ1y′ + cˆ2y′ − pi|
|cˆ1y − cˆ2y| ≤ pi − |βˆ + γˆ − pi|
|cˆ1y − cˆ2y| ≤ pi − |cˆ1y′ + cˆ2y′ − pi| (7)
for all y, y′ ∈ {1, 2, 3}. The numbered inequality does not
involve the variable βˆ, γˆ and is not required in the next
reduction.
Second, the remaining system of inequalities is equiv-
alent to
0 ≤ βˆ ≤ pi and 0 ≤ γˆ ≤ pi ,
γˆ − pi + |cˆ1y′ + cˆ2y′ − pi| ≤ βˆ ≤ γˆ + pi − |cˆ1y′ + cˆ2y′ − pi| ,
−γˆ + |cˆ1y − cˆ2y| ≤ βˆ ≤ 2pi − γˆ − |cˆ1y − cˆ2y| ,
from which the βˆ-system of inequalities follows
|cˆ1y¯ − cˆ3y¯|
γˆ − pi + |cˆ1y′
1
+ cˆ2y′
1
− pi|
−γˆ + |cˆ1y1 − cˆ2y1 |

 ≤ βˆ
and βˆ ≤


pi − |cˆ1y¯′ + cˆ3y¯′ − pi|
pi + γˆ − |cˆ1y′ + cˆ2y′ − pi|
2pi − γˆ − |cˆ1y − cˆ2y|
after absorbing 0 ≤ βˆ ≤ pi. Eliminating βˆ gives
|cˆ1y¯ − cˆ3y¯| ≤ pi − |cˆ1y¯′ + cˆ3y¯′ − pi| (8)
|cˆ1y¯ − cˆ3y¯| ≤ pi + γˆ − |cˆ1y′ + cˆ2y′ − pi|
|cˆ1y¯ − cˆ3y¯| ≤ 2pi − γˆ − |cˆ1y − cˆ2y|
γˆ − pi + |cˆ1y′
1
+ cˆ2y′
1
− pi| ≤ pi − |cˆ1y¯′ + cˆ3y¯′ − pi|
γˆ − pi + |cˆ1y′
1
+ cˆ2y′
1
− pi| ≤ pi + γˆ − |cˆ1y′ + cˆ2y′ − pi| (9)
γˆ − pi + |cˆ1y′
1
+ cˆ2y′
1
− pi| ≤ 2pi − γˆ − |cˆ1y − cˆ2y|
−γˆ + |cˆ1y1 − cˆ2y1 | ≤ pi − |cˆ1y¯′ + cˆ3y¯′ − pi|
−γˆ + |cˆ1y1 − cˆ2y1 | ≤ pi + γˆ − |cˆ1y′ + cˆ2y′ − pi|
−γˆ + |cˆ1y1 − cˆ2y1 | ≤ 2pi − γˆ − |cˆ1y − cˆ2y| (10)
Third, the γˆ-system of inequalities is given by
|cˆ2y˜ − cˆ3y˜|
−pi + |cˆ1y¯ − cˆ3y¯|+ |cˆ1y′ + cˆ2y′ − pi|
−pi + |cˆ1y¯′ + cˆ3y¯′ − pi|+ |cˆ1y1 − cˆ2y1 |
−pi/2 + |cˆ1y1 − cˆ2y1 |/2 + |cˆ1y′ + cˆ2y′ − pi|/2


≤ γˆ
and γˆ ≤


pi − |cˆ2y˜′ + cˆ3y˜′ − pi|
2pi − |cˆ1y − cˆ2y| − |cˆ1y¯ − cˆ3y¯|
2pi − |cˆ1y¯′ + cˆ3y¯′ − pi| − |cˆ1y′
1
+ cˆ2y′
1
− pi|
3pi/2− |cˆ1y − cˆ2y|/2− |cˆ1y′
1
+ cˆ2y′
1
− pi|/2
from which we can readily eliminate γˆ.
Finally, gathering the numbered inequalities together
with the inequalities from eliminating γˆ gives a system of
inequality equivalent to the starting system. We proceed
with further analysis and simplification. The inequali-
ties (7) and (8) and
|cˆ2y˜ − cˆ3y˜| ≤ pi − |cˆ2y˜′ + cˆ3y˜′ − pi|
from the first pair of bounds in the γˆ-system are com-
bined into (for x 6= x′ originally and then for any x, x′)
|cˆxy − cˆx′y|+ |cˆxy′ + cˆx′y′ − pi| ≤ pi. (11)
Observe that for x 6= x′ and y = y′ (or for x = x′ and
any y, y′), inequalities (11) reduces to box inequalities
cˆxy ∈ [0, pi] for all x, y ∈ {1, 2, 3}. Next, box inequalities
together imply (9) and (10) so it suffices to keep the box
inequalities. Likewise, box inequalities together with (11)
imply all of the inequalities from the γˆ-system except
|cˆ2y˜ − cˆ3y˜| ≤ 2pi − |cˆ1y − cˆ2y| − |cˆ1y¯ − cˆ3y¯| ,
|cˆ2y˜ − cˆ3y˜| ≤ 2pi − |cˆ1y¯′ + cˆ3y¯′ − pi| − |cˆ1y′
1
+ cˆ2y′
1
− pi| ,
|cˆ1y¯ − cˆ3y¯|+ |cˆ1y′ + cˆ2y′ − pi| − pi ≤ pi − |cˆ2y˜′ + cˆ3y˜′ − pi| ,
|cˆ1y¯′ + cˆ3y¯′ − pi|+ |cˆ1y1 − cˆ2y1 | − pi ≤ pi − |cˆ2y˜′ + cˆ3y˜′ − pi|.
This completes the proof.
The above characterization give rise to a system of
inequality that bounds the quantum set in all possible
directions. We extract from this system the known in-
equalities and several “apparently new” inequalities.
Lemma 3. If a correlation is quantum, i.e. (cxy) ∈
Cor(3, 3), then it must satisfy the box inequalities, the
TLM-type inequalities
|cˆxy − cˆx′y|+ |cˆxy′ + cˆx′y′ − pi| ≤ pi
for x 6= x′, y 6= y′ and
|cˆ1y − cˆ2y|+ |cˆ2y′ − cˆ3y′ |+ |cˆ1y¯ − cˆ3y¯| ≤ 2pi ,
|cˆ1y − cˆ2y|+ |cˆ2y′ + cˆ3y′ − pi|+ |cˆ1y¯ + cˆ3y¯ − pi| ≤ 2pi ,
|cˆ1y + cˆ2y − pi|+ |cˆ2y′ − cˆ3y′ |+ |cˆ1y¯ + cˆ3y¯ − pi| ≤ 2pi ,
|cˆ1y + cˆ2y − pi|+ |cˆ2y′ + cˆ3y′ − pi|+ |cˆ1y¯ − cˆ3y¯| ≤ 2pi ,
for all y, y′, y¯ except y = y′ = y¯. In particular, if any
of these inequalities fail to hold, then the correlation is
not quantum. Moreover, these are all tight quantum Bell
inequalities.
Proof. It is clear that the system of inequality in this
Theorem is equivalent to that of Lemma 2 (e.g. inequal-
ities where y = y′ = y¯ follow from box inequalities). If
any of these inequalities is not satisfied, then the correla-
tion is not in the relaxation of Cor(3, 3) and hence not a
quantum correlation. It remains to verify that these are
all tight inequalities, i.e. there exists a quantum corre-
lation that saturates them (individually). For simplicity,
we check this numerically, but it is also possible to prove
using chordal completion arguments (for a different graph
depending on which inequality is tight).
6One might be tempted to conclude that, for instance,
the inequalities
|cˆ1y − cˆ2y|+ |cˆ2y′ − cˆ3y′ |+ |cˆ1y¯ − cˆ3y¯| ≤ 2pi
with y 6= y′ 6= y¯ are “new” quantum Bell inequalities in
the sense that it bounds the quantum correlation set and
is not of the TLM type. However, the following Lemma
shows that this is not really the case.
Lemma 4. The system of linear inequalities in Lemma 2
is equivalent to the system of inequalities
|cˆxy − cˆx′y|+ |cˆxy′ + cˆx′y′ − pi| ≤ pi
for all x, y, x′, y′.
Proof. Let P1 be the polytope defined by the inequal-
ities in Lemma 2 and P2 be the polytope defined by
the inequalities in this Lemma. We show that the ex-
treme points or vertices of two polytopes are the same,
hence the two system of inequalities are equivalent. The
computation is done using MPT3 [23] and YALMIP [24]
packages in MATLAB.
In summary, in the nonlinear coordinate system the
linear relaxation of Cor(3, 3) is fully characterized by the
box inequalities and the TLM-type inequalities.
V. GENERALIZATIONS
Let us remark the bigger picture behind our method.
Recall that Cor(n,m) = E(Kn,m) whereKn,m is the com-
plete bipartite graph on n+m vertices and E(Kn,m) is the
coordinate projection of the elliptope of (n+m)×(n+m)
positive semidefinite matrices with diagonal one [14].
Since for any graph G
Cut±1(G) ⊆ E(G) ⊆ cos(piCut01(G)) ⊆ cos(piMet01(G))
where Cut±1(G), Cut01(G), Met01(G) are polytopes in-
duced by G and cosine mapping is applied component-
wise, the connection with E(Kn,m) allows one to compute
approximations to the quantum correlation set via the
middle inclusion [25]. Moreover, the leftmost inclusion is
an equality iff G is acyclic, the rightmost inclusion is an
equality iff G has no K5 minor, and the middle inclusion
is an equality iff G has no K4 minor (see [16] for more
details).
Therefore, depending on the interested scenario, which
gives rise to certain pattern of entries as captured by
the graph G, one can get quantum Bell inequalities con-
straining the correlations by computing facets of the cut
polytope Cut01(G). This is what we computed in Sec-
tion IV.
VI. CONCLUSIONS
Explicit description of the quantum set Cor(n,m) is
expected to be extremely complicated for large n,m be-
cause the geometric object is of very high dimension. We
discovered that the complexity is already high for rela-
tively small scenario n = m = 3. We obtain exact char-
acterization in terms of semidefinite programs, and exact
but implicit characterizations in the linear and pairwise-
angle coordinate systems. In the derivation, we observe
the emergence of the tradeoff between implicit, compact
description and explicit, complex description due to our
use of Sylvester’s criterion for positive semidefiniteness.
(We do not know if this is intrinsic or one could hope to
bypass Sylvester’s criterion with a different characteriza-
tion of positive-semidefiniteness.)
Fortunately, for the purpose of computing quantum
Bell inequalities, a relaxation of the quantum correla-
tion set suffices: Cor(n,m) ⊆ cos(piCut01(Kn,m)). Thus,
we are able to compute quantum Bell inequalities that
bound the quantum set from the outside. We found
that there are no new inequalities beyond the well-known
Tsirelson-Landau-Masanes type. Finally, we sketch a
general method to compute quantum Bell inequalities in
more general scenarios including non-correlation scenar-
ios.
An obvious future direction is to compute an explicit
description of Cor(3, 3) using either a modified quanti-
fier elimination procedure for linear coordinates, or com-
pletely novel elimination techniques for pairwise-angle
coordinates. In pairwise-angle coordinates, such result
will shed light on the role of the 4-by-4 minor in con-
straining further the relaxation we obtained, and as well
as the tightness of our relaxation. Another direction
would be to investigate alternative parametrizations (and
their geometrical or physical interpretations) that would
linearize the description of the quantum set, analogous
to the arccos parametrization linearizing Cor(2, n).
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